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GENERAL INTRODUCTION 
This work contributes to the theory of superconducting 
proximity systems in magnetic fields. In particular, the 
effects of an external magnetic field on systems such as 
superconducting—normal-metal—superconducting (SNS) 
junctions and SN multilayers are investigated theoretically. 
In both systems, the magnetic field is applied perpendicular 
to the layers. 
A proximity system consists of a superconductor placed 
in direct contact with another metal possessing a lower 
critical temperature, e.g., a normal metal (N). In 
practice, this is usually accomplished by superimposing two 
or more thin films. If good electrical contact exists 
between the layers, superconducting electrons (Cooper pairs) 
can leave the superconductor and penetrate the N layer. 
This phenomenon is known as the proximity effect.^ However, 
pair-breaking effects in the N layer limit this penetration 
and cause the magnitude of the superconducting order 
parameter, which is proportional to the number of 
superconducting electrons, to decrease with distance from 
the interface. Even so, this is a relatively long-range 
effect, with the pair penetration depth typically being on 
the order of 100 - 1000 A. Thus, superconductivity can be 
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imposed on a normal metal in close proximity with a 
superconductor. 
The introduction of an external magnetic field can 
significantly affect the behavior of a superconductor. 
Type-II superconductors have two critical fields. When the 
applied field is smaller than the lower critical field , 
the material is in the Meissner state and there is no 
magnetic flux deep inside the specimen. For values of the 
magnetic field between and the upper critical field 
the superconductor is in the mixed state. For fields larger 
than material is in the normal state. Therefore, 
defines the phase boundary between the superconducting 
state and the normal phase. The mixed state is composed of 
thin tube-like normal domains imbedded in a superconducting 
matrix. Local supercurrents, or vortices, circulate around 
these normal domains. These vortices Interact and arrange 
themselves in a two-dimensional lattice. Theories for the 
mixed state were developed by Abrikosov^ and Gor'kov®, who 
extended the Ginzburg-Landau theory of superconductivityto 
type-II superconductors. These theories are in very good 
agreement with experimental results. 
Although the properties of bulk type-II superconductors 
are generally well-understood, less is known about the 
response of a variety of superconducting proximity systems 
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to applied magnetic fields. For example, the effect of an 
applied magnetic field on an SNS junction is of interest. 
When an external field is applied perpendicular to the plane 
of the SNS Junction, screening currents are produced at the 
surface of the superconductor. As first discussed for 
superconductor-insulator-superconductor (SIS) junctions,® 
the induced screening currents can significantly alter the 
Josephson supercurrent density® within the junction. In 
addition, the presence of misaligned vortices within the 
junction can also affect the supercurrent. These effects 
are observed experimentally by measuring the maximum 
supercurrent, known as the critical current, in the presence 
of a magnetic field. Another example is the upper critical 
field of SN multilayers. These are structures which are 
composed of many alternating superconducting layers 
separated by a normal metal. Their upper critical fields 
are usually quite large and highly anisotropic. Most 
previous attempts to calculate have been based on 
Josephson coupling between the layers.This approach is 
not always valid for SN multilayers, since the Individual 
layer thicknesses are often larger than the superconducting 
coherence length. Although several proximity-effect 
theories exist^^"^^ for multilayered superconductors, little 
has been done concerning the comparison of theory with 
experimental data. 
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This thesis addresses these two topics, described above, 
in detail. In Section I, the maximum supercurrent that can 
be carried in an applied perpendicular magnetic field by an 
SNS junction consisting of a normal-metal layer sandwiched 
between two crossed superconducting strips is Investigated 
theoretically. Also, a comparison is made with experimental 
results. In Section II, an equation is derived for the 
perpendicular upper critical field of an SN multilayer 
system based on the proximity effect. A detailed comparison 
between theory and experimental data Is performed. 
Explanation of Thesis Format 
This thesis follows the Alternate Thesis Format which 
permits the inclusion of papers submitted or to be submitted 
to scholarly journals. 
The research in Section I was suggested by Dr. John R. 
Clem and was performed under his supervlson. The research 
in Section II was suggested by Dr. Vladimir G. Kogan and was 
performed under his and Dr. Clem's guidance. The candidate 
had secondary responsibility for Section I and primary 
responsibility for Section II. For Section I, the candidate 
wrote all the computer programs used to perform the 
necessary theoretical calculations and wrote the theoretical 
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portion of the paper. For Section II, the candidate wrote a 
variety of computer programs used to calculate the 
superconducting properties of multilayered proximity 
systems, developed a procedure for fitting the theory to 
experimental data, performed the necessary data analysis and 
wrote the paper. Section I was published in Physical 
Review B and Section II will be submitted for publication in 
Physical Review B. 
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I. CRITICAL CURRENTS OF CROSS-TYPE 
SUPERCONDUCTING-NORMAL-SUPERCONDUCTING JUNCTIONS IN 
PERPENDICULAR MAGNETIC FIELDS 
A. Introduction 
Joaephson tunnel junctions are of interest because of 
their potential for use in Josephson interferometers, 
superconducting quantum interference devices (SQUID's), and 
high-speed logic and memory devices.^ ' Knowledge of the 
behavior of such junctions in a magnetic field is important, 
both because the junction and its circuit can be used to 
accurately measure changes in the applied magnetic field and 
because the performance of the junction and its circuit can 
be adversely affected by the field. Numerous investigators 
(see, for example, Refs. 3-15) previously have investigated 
how applied magnetic fields and trapped magnetic flux can 
affect the current-voltage characteristics of Josephson 
junctions and their circuits. In this paper, we study, both 
theoretically and experimentally, the critical current of a 
superconducting—normal-metal—superconducting (SNS) 
junction in the presence of perpendicular applied magnetic 
fields and misaligned trapped vortices. 
When a magnetic field is applied perpendicular to the 
plane of an SNS junction, a complicated distribution of 
7 
induced Meissner currents and magnetic fields is produced at 
the surface of the superconductor. As first discussed for 
superconductor-insulator-superconductor (SIS) junctions by 
Hebard and Fulton,^ these induced screening currents feed 
into the interior of the junction, where they generate local 
magnetic fields parallel to the plane of the junction. 
These fields, in turn, locally alter the gauge-invariant 
phase difference 6y(x,y) across the junction, thereby 
producing a spatially varying Josephson supercurrent 
density^® J^(x,y) = jQsinCûY(x,y)3. The parallel fields 
thus strongly influence the total critical supercurrent I^, 
the maximum value of the integral of Jg(x,y) over the 
junction area. 
The purpose of this work is to study the magnetic field 
patterns in the interior of a crossed-strip SNS junction 
using the dependence of upon the applied perpendicular 
field as a probe. We first work out a theoretical 
description of the induced currents and fields in the 
junction interior and then apply this to experiments in the 
low magnetic field regime where the vs. curves are 
reversible. With this behavior understood, we proceed to 
examine the influence upon the vs. curves of the 
trapping of misaligned vortices at pinning sites in the two 
S layers. The basic theoretical work is done in Section B; 
a few experimental details are given in Section C; a 
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comparison of theory and experiment is given in Section D; 
and conclusions and some speculations concerning the 
usefulness of these techniques for studying flux pinning at 
low flux densities are then given in Section E. 
B. Theory 
We now address the task of calculating the critical 
current for a cross-type SNS junction. Of specific 
interest is the effect of a weak perpendicular magnetic 
field, on a junction containing trapped flux. In what 
follows, we first present a simple model for the field 
distribution within the junction arising from a 
perpendicular applied magnetic field. This field 
distribution and the resulting critical current are 
discussed in Section B(l). In Section B(2), we calculate 
the phase difference due to a pair of misaligned vortices 
trapped in the two superconducting electrodes. Combining 
these results allows us to calculate as a function of the 
relative displacement and locations of the vortices for both 
perpendicular and parallel (see Appendix B) magnetic fields. 
1. Perpendicular magnetic field 
The Josephson current density in the z direction for an 
SNS junction in the x-y plane can be expressed in the form^® 
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= J^3in[AY(p)] , (1) 
where ^^(p) Is the gauge-invariant phase difference across 
the junction at the coordinate p = (x,y), and is a 
temperature-dependent amplitude. We assume that all linear 
dimensions of the superconducting strips are large by 
comparison with the weak-field penetration depth We can 
include the effects of an external magnetic field by writing 
A'Y(p) as 
ÛY(p) = 6^ + S"y(p) (2) 
where 5^ = AY(0) is the phase difference at the origin and 
= hc/2e is the flux quantum. The quantity $(p) is the 
flux enclosed between the z axis and the radial coordinate p 
in the normal metal plus the penetration layers. Inserting 
Eq. (2) into Eq. (1) and integrating over the junction area 
2 
w yields the Josephson current 
I/I^ = <cos8y(p)>sin8Q + <sih6'Y(p)>cosS^ , (4) 
where = J^w^ and the brackets < > denote spatial averages 
with 
S\(p) = (2ir/$g)$(p) (3) 
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over the junction area. By maximizing Eq. (4) with respect 
to we obtain the critical current 
-k  9  - • 9 1 / 9  
I^/Iq = C<slnSY(p)> + <COS5Y(P)> 3^'^ . (5) 
In order to use Eq. (5), we must calculate the appropriate 
expression for 8y(p) using Eq. (3). 
Consider a square junction of width w and thickness d^ 
sandwiched between two crossed superconducting strips, each 
of thickness dg as shown in Fig. 1. The edges of the strips 
are given by |y| = w/2 for the bottom strip and |x| = w/2 
for the top strip. The junction lies in the x-y plane and 
is centered at the origin with the normal layer bounded by 
-w/2 < x,y < w/2 and -d„/2 < z < d„/2. We assume the 
_ J _ n — — n 
junction is small in comparison with the Josephson 
2 1/2 penetration depth; i.e., w << \j = (c<|)^/8ir Jg^^eff^ ' 
that self-field effects are negligible. Here, d^^^ = 
d^ + 2Xg is the effective thickness of the field-penetrated 
region. Furthermore, a weak magnetic field Hj^ is applied in 
the positive z direction. Away from the junction the 
magnetic field bends around the superconducting strips 
because of the Meissner effect (see Appendix A). However, 
near the junction itself, the field lines curve inward 
around the bottom strip, penetrate the normal barrier across 
the corners, and finally curve back around the top strip. 
11 
This distortion of the field lines is illustrated in Fig. 2. 
As a consequence, a component of the external field 
penetrates the junction parallel to the flat faces of the 
junction. The resulting field and current distribution 
Inside the junction at the lower SN Interface is sketched in 
Fig. 3. 
To solve for the magnetic field inside the junction, a 
method discussed by Hebard and Fulton^ and by Barone et 
can be used, at least in principle. Here, one first 
notes that the screening currents induced by the transverse 
field flow on the outer surfaces as if the two 
superconductors were fused together at the junction. 
Neglecting for the moment the tunneling current, the primary 
effect of the junction barrier is to prevent the screening 
currents from flowing directly from one superconducting 
strip to the other. Along the boundary of the junction, 
therefore, the screening currents are injected into the 
junction region at the top surface of thé bottom 
superconductor, and an equal amount of current is withdrawn 
from the junction region at the bottom surface of the top 
superconductor. To maintain current continuity, the 
Injected current density which flows within of either S 5 
surface, penetrates deeply into the junction region, where 
it can be visualized as an internal surface current of 
linear density it. In turn, it generates between the two 
12 
superconductors a magnetic field 3, which, because of the 
Meissner effect, is parallel to the junction. As a 
consequence, the currents Î? on opposite sides of the 
junction are equal in magnitude but opposite in direction. 
The field S induced in the junction by Ï? causes a spatial 
variation o f the gauge-invariant phase difference à y ( x , y )  
across the junction. In turn, this produces a Josephson 
current density = JgSin(Ay). If the self-fields 
associated with the Josephson current are comparable with 
those generated by Hj^, they both must be included in 3. 
The determination of 3 inside the junction is thus 
reduced to the following boundary value problem. Current 
continuity requires that it in the bottom conductor obeys 
=  0  ,  ( 6 )  
where 
_ A 3 A a 
V = X — + y — 
3x ay 
and is given by Eq. (1). The Josephson conditions give 
S = ($Q/2IRDG^^ )Z X 9^Ay , (7) . 
where dgfj = d^ + 2Xg, and Ampere's law requires 
13 
S = (4ir/c)ït X z ( 8 )  
such that 
î? = -(C(|)y8ir\gg)^^6^ . (9) 
Combining Eqs. (6) and (9) yields 
= Xj^sinCAf) (10) 
which is to be solved subject to the boundary condition that 
is specified on the boundary (outward normal n) at the edges 
of the junction. Because we are considering the case for 
which w << Xj, the right-hand side of Eq. (10) is 
negligible, and we need only to solve 
subject to the boundary conditions on the injected current. 
An exact solution for the magnetic field for a sc[uare 
junction at the intersection of two crossed strips is very 
difficult to obtain, primarily because of the difficulty of 
solving for the screening currents on the outer 
superconducting surfaces induced by the applied transverse 
= i^-n = - ( c^g/Gir^dgg^g )n. ( 1 1 )  
A 
= 0 ( 1 2 )  
14 
field We can approximate the solution, however, as 
follows. From the symmetry of 3 and sketched in Fig. 3, 
we see that Ay(p,$), where x = pcos(|) and y = psin$, has the 
symmetries 
Ayipr^ + ir/2) = -Av(p,(l)) , (13a) 
6y(p,-$) = -A"y(p,$) . (13b) 
The most general regular solution of Eq. (12) is easily seen 
to be a linear superposition of terms of the form p®sin(m(|)) 
and p'"cos(m$). The symmetries of Eq. (13), however, 
constrain the solution to be of the form 
Ay = Z A„p^'^^"sinC(2 + 4n)(|)3 + S„ . (14) 
n=0 " ° 
Our approximation consists in keeping only the lowest order 
term (n = 0) and determining the unknown coefficient from 
the boundary condition on the injected current. In this 
approximation. 
ùy = + Sg (15) 
and 
it = -(c$^Ag/4ir^dg^g) (xy + yx) . (16) 
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In Appendix A, it is shown that the total amount of 
screening current (in response to Hj^) that flows within 
-w/2 1 y A 0 on both sides of the bottom strip is 1^ = 
cwHj^/4ir. We assume that all this current coming from 
X > w/2 is injected into the lower left quadrant of the 
junction region shown in Fig. 3. Half of the current (1^/2) 
is injected from the top of the strip along the boundary 
X = w/2, -w/2 1 y i. 0; the other half is injected around the 
edge from the bottom of the strip along the boundary 
y = -w/2, 0 <. X 1 w/2. The same amount of current (Ig) is 
withdrawn from the upper left quadrant of the junction 
region shown in Fig. 3. Half the current (1^/2) is 
withdrawn along the boundary x = -w/2, -w/2 1 y <.0, where it 
continues to flow on the top of the bottom strip; the other 
half is withdrawn along the boundary y = -w/2, -w/2 1 x <.0, 
where it flows around the edge and returns to the bottom of 
the strip. From Eq. (16), we see that the current injected 
into a quadrant is 
w/2 0 
Ig = I dx Ky(x,-w/2) - I dy K^(w/2,y) 
0 -w/2 
= -c^QAgW^/ieir^dgff , (17) . 
from which we obtain, using Eq. (A8), 
16 
A 0 
( 1 8 )  
Thus, the phase difference resulting from Hj^ is 
(19) 
where = ZirHjWdg^g/*^. 
With the phase difference now specified by Eq. (19), we 
obtain from Eqs. (1) and (2) the critical-current density 
distribution J^(p) when 8^ = IT/2. We denote the 
distribution Jg(p) when I = as Jj,(p). The resulting 
distribution of J^(p) is shown in Fig. 4 for a 
representative junction with Hj^ = 0.5 G. Observe that Jg(p) 
is fourfold symmetric and slowly varying near the center of 
the Junction, with regions of negative current density 
appearing near the corners. As Hj^ goes to zero, the current 
distribution approaches the uniform case Jg(p) = J^. 
However, for larger values of H, the J (p) surface 
J_ C 
oscillates more rapidly than shown here, and bands of 
negative current density push inward from the corners toward 
the center of Fig. 4, thereby decreasing the critical 
current. 
The critical current now can be calculated by 
substituting Eq. (19) into Eq. (5). By symmetry the 
<sin6"Y(p)> term vanishes, leaving 
17 
2ir p 1 f 7max m 
I^/I^ = —^ J d(t) J dp pcosC2otj^(p/w) sin(2$)] 
^ 0 0 
"•'* %max 
= 2| d(|) I dv coscocj^vsin(20)3 
0 0 
ir/4 
. , sin(a,tan*) 
d$ sec $ ' , (20) 
J oij^tan* 
where = vw^/2, v„_ = (2cos^(|))~^, and P___cos(|) = w/2 for luClX niaX 
0 i. $ i. ir/4. Setting t = a^tan* in Eq, (20) yields 
I /I = Si(a,)/a, , (21) 
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where Si(«,^^) is the sine integral defined by 
Si(a.) = f dt . (22) 
Expanding Si((Xj^) in terms of aj^ reveals that vs. 
decreases quadratically with Hj^ near zero field (ocj^ << 1) 
and as 1/H^ for larger fields (otj^ >>1). A representative 
plot of I^/I„ versus H, is shown by the solid curve in Figs. CO 1 
5a and 5b. 
The reversible response of to a perpendicular 
magnetic field, as described here, is expected to occur only 
18 
for weak fields, i.e., when no vortices penetrate the 
superconducting films. When the applied field is 
sufficiently large, vortices enter the junction and are 
pinned, reducing and making vs. Hj^ irreversible. 
2. Trapped vortices 
Trapped flux can significantly alter the critical 
current of a Josephson junction.®^^ When the junction 
is cooled through its superconducting transition temperature 
in a perpendicular magnetic field, vortices are trapped in 
the superconducting electrodes. Now suppose that a single 
vortex channels through the junction as shown in Fig. 6. 
The vortex penetrates the lower superconductor (primary) at 
Pp and the upper superconductor (secondary) at p^. Since 
the pinning sites are randomly located, the primary and 
secondary vortices are usually misaligned, i.e., p^ * p^, 
which creates a magnetic dipole in the junction. The field 
lines corresponding to a misaligned primary-secondary vortex 
pair can be treated as a linear superposition of the 
contributions from vortices in the primary and secondary 
films alone,^^ as shown in Figs. 6b and 6c. The resulting 
parallel field (Fig. 6a) locally changes the phase 
difference and suppresses the critical current. As a 
consequence, one expects the zero-field (H^ = 0) critical 
current to be a steplike function of the cooling field; 
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i.e., Ig should change to different values as vortices are 
pinned at new positions or as new vortex pairs are 
introduced. 
The phase difference due to a single pair of misaligned 
vortices can be calculated as follows. If x < 2d , the 
s — s 
field in the normal layer due to a vortex in either the 
primary or the secondary alone is 
Bp 3 ' t 'I " (23) 
I" - Pp.sl 2»|p - Pp.Jdetr 
at distances more than a few Xg from the vortex cores. The 
plus (minus) sign is associated with the vortex in the 
primary (secondary). Field lines corresponding to a vortex 
in the primary are shown in Fig. 7. This simple behavior 
away from the cores allows one to easily calculate $(p). 
Referring to Fig. 7, we note that the film-confined magnetic 
flux between the z axis and p arising from a vortex at in 
the primary alone is (<|> /2ir)û0_{p), where A0 (p) is the 
P P 
angle between -p and p - p . Similarly, the flux due to a 
vortex in the secondary alone is -($g/2ir)60g(p). The total 
flux $(p) is the sum of these two terms, which gives a phase 
difference of 
SYpg(p) = A0p(p) - A0g(p) (24) 
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with 
-p 3 = cos-4 3 - 'P'»' . ,25, 
P'" ICp: + p|,3 - 2PPp.s=°s(* - $p.s']l'2; 
where 0 <_ A0_ _ ir when and -ir < A0_ _ < 0 
r f « r f ^  Pr» 
when -% < $ - $_ _ < 0. In deriving Eq. (24) we assumed 
Pr® 
core effects to be Insignificant, since their influence on 
scales with the ratio of the core area to junction area, 
which is a negligibly small ratio in our experiments. No 
vortex images were included, and any vortex-generated flux 
leaking out of the junction was neglected. As a result, the 
accuracy of Eq. (24) is questionable when an individual 
vortex is near an edge. 
The critical-current density corresponding to 
Eq. (24) is shown in Fig. 8a for a dipole consisting of one 
vortex in the primary at (x ,y ) = (0.2,0.2) in units of w/2 
and another in the secondary at (Xg,y^) = (-0.2,-0.2). This 
current distribution drops off rapidly to negative values in 
the central region between the vortices while remaining 
fairly uniform elsewhere in the junction. The negative 
contribution to the Josephson current grows as the relative 
displacement |- p^| increases, reducing the zero-field 
(H^ = 0) critical current. However, if the vortices are 
aligned, the current distribution is uniform (neglecting 
core effects) and I = I . The field distribution inside 
c 0 
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the junction is also of interest. By plotting contours of 
constant phase and using Eq. (7) one can map the field 
distribution. The resulting field lines are shown in Fig. 
8b. Note that, although SYpg(p) -* 0 for p far from the 
dipole, S'Y _(p) = IT along the line connecting the two vortex ps 
axes, such that J^fp) = there. For this reason, I^/I^ 
2 2 is roughly approximated by 1 - il /w , where A is the 
2 
misalignment distance and w is the junction area. 
When both perpendicular and parallel magnetic fields are 
applied to a junction containing a pair of misaligned 
vortices, the associated phase difference is 
SyCp) = 8Yj^(p) + SYp(p) + S^Ypg^P) • (26) 
Here, 8Yp(p) is the phase difference due to a parallel field 
Hp and is given by Eq. (B3). Figure 9a shows the critical-
current distribution J^(p) for a junction containing the 
same dipols as in Fig. 8^ but with = 0.5 G as in Fig, 4, 
Note that the surface retains some of the ridgelike 
structure of Fig. 4 while incorporating the deep depression 
found in Fig. 8a. For decreasing misalignment (p^ - p^|, 
the current density of Fig. 9a resembles more closely that 
shown in Fig. 4. If instead Hj^ is decreased, J^(p)/Jjj 
approaches the distribution shown in Fig. 8a. The total 
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field distribution inside the junction can be thought of as 
a superposition of the dipole field of Fig. 8b plus the Hj^-
Induced field of Fig. 3 described by Eqs. (7) and (19). The 
resulting field lines are shown in Fig. 9b. 
The critical current was calculated numerically from 
Eqs. (5) and (26) and plotted as a function of in Fig. 
10. Observe that the zero-field value is reduced from unity 
by roughly 26%; i.e., I^/Ig - 0.74 when = 0. Clearly, 
this demonstrates that the introduction of just one pair of 
misaligned vortices can significantly suppress I^. Also 
note from Fig. 10 that is a symmetric function of Hj^. In 
general, however, is asymmetric rather than symmetric for 
the following reason. When the direction of the external 
field is reversed (Hj^ -Hj^) the field lines in Fig. 3 
corresponding to Eqs. (7) and (19) are also reversed, but 
the dipole field remains unchanged. For certain dipole 
orientations, such as the one used here, both the total 
field and the current density are symmetric upon reversal of 
Hj^. For an arbitrary dipole, this is not necessarily the 
case, and vs. can be highly asymmetric. A similar 
argument holds for a parallel field Hp. 
The theory presented here describes the influence of 
perpendicular and parallel external magnetic fields on an 
SNS junction containing trapped flux in the form of 
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misaligned vortices. We can use Eqs. (5), (19), (B3), (24), 
and (26) to systematically calculate vs. Hj^ or Hp as a 
function of the relative displacement and locations of the 
vortices. 
C. Experimental 
Since the procedure for making samples has been 
described in detail elsewhere,^® a brief discussion will 
suffice here. The Pb-2.5 at.% Bi superconducting layers (S 
layers) were evaporated in a cross-strip geometry with a Ag-
4 at.% Â1 normal metal layer (N layer) between. Both 
materials were in the dirty limit. Pressure in the vacuum 
— 8 
system was less than 10 Torr to ensure good contact at the 
SN interfaces. The junctions were nearly square with a 
width of about 38 ym. The thickness of both the N layer 
(d^) and the S layers (d^) ranged from 450 to 750 nm (see 
Table I). The N-layer resistivities were about 5 yAcm, and 
the S-layer resistivities were eibout 2.3 pAcm. Thickness 
profiles, taken with a Dektak stylus instrument, indicate 
that a 38 ^ m wide strip would have rounded shoulders about 7 
pim wide on each side. This arises because the masks were 
movable and not flush with the substrate as is the case for 
photoresist techniques. 
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TABLE I. Properties of SNS junctions 
\ ds p„ W(ïl5^ A(xlO-=) 
Sample (nm) (nm) (yAcm) (nm) (nm) (cm) (cm ) (K) 
1 450 750 5.09 22.8 41.8 3.8 1.6 7.30 
2 480 650 4.31 27.0 45.5 3.5 1.5 7.30 
The magnetic fields in the region of the sample were 
controlled by a series of shields and Helmholtz coils. A 
nested set of conetic shields was placed around the cryostat 
to reduce the ambient field to less than 10 mG. A large 
superconducting Pb shield was placed in the helium bath to 
stabilize other stray fields. Inside this shield were two 
Helmholtz pairs at right angles to provide Hp and Hj^ up to 
3 10 G. The cryostat was a standard He refrigerator, and the 
thermometers were calibrated germanium resistance 
thermometers. For all samples there was a wide temperature 
range near T^, where Xj 1 w. The data presented here are 
from that regime so that a direct comparison with theory can 
be made. 
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D. Results and Discussion 
All of the samples reported here exhibit well-defined 
reversible I-V characteristics and good quality Fraunhofer 
patterns in the temperature range where Xj > w. The 
magnitude of the temperature dependent critical current 
agreed with that predicted by de Gennes^® within a factor of 
2. Because depends exponentially on the thickness, this 
factor of 2 represents rather good agreement. A detailed 
discussion of the Fraunhofer patterns in a parallel magnetic 
field and the temperature dependence of the critical current 
of the samples is given elsewhere.^® 
1. Perpendicular applied field 
In the presence of a perpendicular applied magnetic 
field the critical current is found to decrease 
monotonically with increasing field (Fig. 5), going as 1/H^ 
for larger fields, as shown in Fig. 11. Note the good 
qualitative agreement with Eq. (21). This indicates that 
the assumed functional form of the magnetic field in the 
junction given by Eqs. (7) and (19) is close to the actual 
field distribution. Because this is an approximation, 
however, one may expect quantitative differences in detail 
between the experimental and theoretical curves using this 
model. Note the absence of a bump near 1.7 G in the 
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experimental data. There also is some deviation from theory 
shown in Fig. 5b where an expanded horizontal scale is used. 
The vs. Hj^ curves are reversible up to a critical 
field where vortices begin to enter the junction electrodes. 
At this point, the critical current is altered, flux 
trapping occurs, and the critical current curve becomes 
irreversible. The field at which this occurs is temperature 
dependent, decreasing from '^1 G at T/T^ = 0.8 to "2 G at 
T/T^ = 0.95 and going to 0 as T approaches T^. The field at 
the edge of a superconducting thin film due to the 
demagnetizing effect is enhanced by a factor given by 
approximately the ratio of the width to the thickness of the 
film. This enhancement factor is about 100 for these 
samples; thus, the field at the edge of the films when 
vortex penetration occurs is several hundred gauss, 
comparable with the thermodynamic critical field of lead. 
2. Trapped flux 
The presence of an individual vortex trapped in an SNS 
junction can have a profound influence on its critical 
current as is illustrated by the data shown in Fig. 12. One 
quantum of flux passing through the area of the junction 
corresponds to an applied field of approximately 0.015 G. 
As shown in Fig. 12, the first flux entry occurs for 
- 0.060 G, so there must be a substantial amount of 
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Meissner screening. These data were taken by applying a 
magnetic field perpendicular to the plane of the junction 
and then slowly cooling the sample through its critical 
temperature to T = 6.70 K in the constant field. The 
critical current was then measured as a function of field 
and temperature. The vortices trapped in the 
superconducting films were in general misaligned, as 
schematically illustrated in Fig. 6, thus causing a 
reduction in the critical current due to a parallel 
component of the field in the junction. As discussed in 
Section B, when the vortices are not close to the edge of 
the junction, the critical current of a junction containing 
single vortex pair misaligned by a distance 1 is reduced 
2 2 2 
approximately by a factor of 1 - A /w , where w is the area 
of the junction. The reduction in critical current for the 
first step corresponds to a misalignment of approximately 
& - 0.4w or "1.5 X 10"3 cm. 
The steps in the critical current shown in Fig. 12 
indicate discrete and reproducible vortex configurations in 
the junction. Each step corresponds either to the 
introduction of an additional vortex into the junction or to 
a different configuration of the same number of vortices. 
The dipoles may overlap and have canceling effects; thus, 
the critical current may actually increase with the addition 
of another dipole, as shown by the data between 0.08 and 
28 
0.09 G of Fig. 12. The lengths of the steps are nonuniform, 
indicating that the trapping of vortices at pinning sites is 
not a regular function of applied field. The location of 
preferred pinning sites does not vary upon thermal cycling 
up to 8 K. When one sample was cycled to 300 K, however, 
the critical current versus cooling field was altered, 
indicating a different geometry for the pinning sites. The 
pinning sites vary from sample to sample, but each sample 
exhibits similar reproducible discrete steps in the critical 
current as a function of cooling field. 
The rate of cooling through T^ can have a significant 
effect on the location at which a vortex is pinned. When 
the sample is cooled very slowly through T^, thermal 
excitation allows the vortices to move around and find the 
most energetically favorable locations in the electrode. 
For slow cooling, the location of the pinned vortices is 
very reproducible. Cooling more rapidly either freezes the 
vortices at energetically less favoreUale locations or 
produces temperature gradients which change the places where 
the vortices may be trapped. The stray data point in Fig. 
12 illustrates this. Rapid cooling produces nonreproducible 
behavior. 
The critical current vs. field curves are significantly 
altered by the presence of trapped flux. Characteristic 
curves are shown in Fig. 13. The vs. curves for the 
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first several steps of Fig. 12 have qualitatively the same 
skewed single hump shape as that shown in Fig. 13b. Higher 
cooling fields produce a double humped curve like that shown 
in Fig. 13c, while more complicated structure is obtained 
when large numbers of vortices are trapped. The Fraunhofer 
curves in the case of a parallel applied field are also 
distorted by trapped flux as demonstrated by the data in 
Fig. 14. The positions of the minima become unequally 
spaced, and distortions in the amplitudes of the peaks 
develop. Figure 14 compares the effects of the same vortex 
configuration on the critical current of an SNS junction in 
the presence of both a parallel and perpendicular magnetic 
field. 
For the case of many vortices in the junction, the 
locations of the vortices cannot easily be determined from 
measurements of vs. alone. For the single dipole 
case, however, the problem cem be treated numerically, and a 
good idea of the location of the dipole can be obtained. 
The insets of Fig. 13e and 13f show the positions of the 
misaligned vortices in the superconducting electrodes. Our 
approach here is to model the real situation with an 
equivalent single dipole. Mhen the dipole occupies the same 
or adjacent quadrants, a skewed curve with a single maximum 
is produced. A double humped curve is obtained when the 
dipole occupies diagonal quadrants of the junction. The 
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qualitative features of these curves agree well with the 
experimental data. If both vs. Hp and vs. Hj^ are 
measured, a good estimate of the location of a single 
trapped dipole can be obtained. 
E. Conclusions 
The critical current of cross-type SNS junctions in the 
presence of a perpendicular applied magnetic field is in 
good agreement with present theory. The critical current 
decreases monotonically, going as l/H^^ for fields greater 
than ^1 G, and is reversible, provided the field is below a 
critical value at which vortices begin to enter the 
junction. 
The critical current curves for junctions containing 
trapped flux as a function of both and Hp are in good 
qualitative agreement with existing theory. It was observed 
that vortices entering SNS junctions are, in general, 
misaligned, being reproducibly pinned at the same pinning 
sites and thus producing discrete steps in the critical 
current as more vortices are introduced. The pinning sites 
depend only on the properties of the individual 
superconducting films, rather than on the properties of the 
junction as a whole, and are thus randomly located. The 
misalignment of vortices found in the SNS junctions was on 
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the order of 10~^ cm, comparable with the dimensions of the 
junction. This indicates that the two vortices comprising 
the dipole are weakly coupled through the N layer. This 
behavior contrasts with that in SIS junctions, where the 
misaligned vortices produced by field cooling have been 
found to be more strongly coupled, with misalignments on the 
order of 10~^-10~^ cm.® The difference in coupling in the 
two cases can be understood in terms of the theory of Ref. 
17, where it is shown that the coupling force between two 
misaligned vortices of separation I >> d^^g is 
Fc = $Q/8n^dg2f&' For SNS junctions d^^f = + 2Xg, where 
d^ is the normal-metal thickness and ± dg/2; for SIS 
junctions d^ is replaced by the insulator thickness d^, 
which typically is of order 20 A. The maximum coupling 
force, achieved when X. " d-eff given approximately by 
2 2 2 
F - $ /8n d^ff. Thus, for the same spectrum of local 
cm 0 eii 
pinning forces, the coupling force is less likely to win out 
over pinning forces in SNS junctions, which have larger 
values of d^^f-
The results presented here suggest that SNS junctions 
could be used to study pinning forces in thin films. For 
the case of a single trapped misaligned vortex pair, one 
could in principle determine the location of the vortices 
from careful measurements of several I^ vs. FÎ curves, where 
H is chosen to be in a different direction for each 
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curve. The laser^®"^^ and electron-beam^scanning 
techniques recently developed for probing the current 
distributions of junctions could be used to determine the 
vortex locations directly. 
F. Appendix A: Calculation of the Screening 
Current I 
s 
Consider a superconducting cylinder of infinite length 
centered on the z axis and whose surface is defined by the 
ellipse 
x^/(L^/2)^ + y2/{Ly/2)2 = 1 . (Al) 
We regard and Ly as the width and thickness of the 
cylinder. The problem of determining the magnetic field 
in the presence of an applied field = H^y is solved in 
Ref. 31 under the conditions that (a) the penetration depth 
\g is small by comparison with and Ly and (b) no flux 
lines or normal domains penetrate the cylinder. In this 
case, the component of Ft normal to the surface may be taken 
to be zero to lowest order. Using the parametric equations 
X = (L /^2)cosP and y = (Ly/2)sinPr the field on the 
cylinder's surface may be written as^^ ÎÎ = H^gt, where 
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H^g = Hj^C(L^ + Ly)/2q3cosp , (A2) 
q = [([,y2)2sin2p + (L /2)^cos^pD^'^ , (A3) 
X y 
and t is the tangent vector, 
t = -x(L^/2q)3inP + y(Ly/2q)co3p . (A4) 
Just inside the superconductor, the field is approximately 
fî = H^.gexp(-Ti/Xg)t, where n is the distance from the 
surface. The current density obtained from Ampere's law is 
J = J^z, where to a good approximation 
-n/&g 
Jg = cH^ge /4ir\g . (A5) 
The current per unit width, computed from Eqs. (A2)-(A5), is 
cH| X 
( t 
Since I„(x) = -I„{-x) the current flow in one half-strip is 
z z 
opposite to that in the other half-strip. The magnitude of 
the screening current in either half-strip is found by 
integration of Eq. (A6) to be 
Is = + Ly)/4w (A7) 
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When Ly << L^, the elliptical cylinder approximates a flat 
strip. Neglecting Ly and setting = w, Eq. (A7) becomes 
I = cwH,/4ir . (A8) 
3 i 
G. Appendix B: Phase Difference due to a 
Parallel Magnetic Field 
The applied field Hp is parallel to the x-y plane and 
makes an angle of 0 with respect to the positive x axis. 
Unlike the perpendicular case, the magnetic field inside the 
junction is now uniform and is given by 
3 = Hp(xcos0 + ysin0) . (Bl) 
Integration of Eq. (Bl) from the z axis to p yields 
f(p) = dgjj^pHpSinO - (p) , (B2) 
where d^^^ = d^ + 2\^. According to Eq. (3), the phase 
difference is 
5-fp(p) = oip(p/w)sin(e - (p) (B3) 
with Op = 2irHpWdg^^/*^. Equations (1), (2), and (B3) lead 
to the familiar Fraunhofer diffraction pattern for the 
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critical current. 
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1 
1 
1  
Fig. 1. Schematic of junction geometry and symmetric 
current configuration 
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Flqr. 2. Sketch of magnetic field lines in the vicinity of 
an SNS junction in a perpendicular applied field 
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Fig. 3. Field lines inside the junction and induced current 
in the bottom superconductor. The x and y 
coordinates here are in units of w/2 
Fig. 4. Critical-current density J^Cpl/Jg for = 0.5 G 
and ocj^ = (9G~^)Hj^. The base plane corresponds to 
J (p)/J = -1 
C 0 
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T = 6.70 K 
-4 -2 0 2 4 
Hj.(G) 
Fig. 5. Critical current vs. The points are 
experimental data and the solid curve is calculated 
from Eq. (21) using the measured junction 
parameters, (b) is the same as (a), but displayed 
on an expanded scale showing the deviation from the 
theoretical curve 
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Fig. 5. (continued) 
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(a) 
^ J -
(b) (c) 
+ Ï  i 
Fig. 6. Sketch of magnetic field lines for (a) a misaligned 
primary-secondary vortex pair, treated as a linear 
superposition of contributions from (b) a vortex in 
the secondary (s) alone and (c) a vortex in the 
primary (p) alone 
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FIELD LINES 
Y 
X 
Fig. 7. Construction used to calculate the flux due to a 
vortex in the primary 
Fig. 8a. Theoretical critical-current density for 
= 0 With vortices at (Xp,yp) = (0.2,0.2) and 
(Xg,yg) = (-0.2,-0.2) in units of w/2 
(a )  
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0 
0 
Y 
(b) 
Fig. 8b. Magnetic field lines due to the misaligned 
primary-secondary vortex pair 
Fig. 9a. Theoretical critical-current density for 
a junction containing the dipole shown in Fig. 8 
with = 0.5 G 
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A Je / JQ 
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Fig. 9b. Magnetic field lines arising from the 
superposition of the fields shown in Figs. 3 and 
8b 
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O 
K—I 
O 
I—I 
3 - 2 - 1  0  1  2  3  
H , ( G )  
Fig. 10. Theoretical critical current vs. curve for the 
junction described by Figs. 4, 8, and 9. The 
inset shows the location of each vortex 
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T =6.46 K 
• Experimental Data 
_ ir/2 
o 
o 
0 
6.0 2.0 4.0 0 
Hj.(G) 
Fig. 11. Critical current vs. for sample No. 1. The 
points are experimental data and the solid curve 
is ir/2aj^, the asymptotic form of Eq. (21). The 
value of oCj^ = (8.5 G )Hj^ was obtained from 
measurements of the junction geometry 
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E 0.2 
Hj.(G) 
Fig. 12. Critical current vs. field in which the sample was 
cooled for sample No. 2. The data form plateaus 
indicating reproducible discrete vortex 
configurations in the junctions 
Fig. 13. Comparison of experimental and theoretical 
critical-current curves, (a)-(c) Characteristic 
critical-current curves as a function of for 
three cooling fields illustrated by data from 
sample No. 2. (d)-(f) Characteristic theoretical 
critical-current curves for three different 
misaligned vortex configurations as calculated by 
Eq. (5). Insets show vortex placement in the 
junctions 
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Fig. 14. Critical-current curves vs. (a) Hp and (b) Hj^ for 
sample 2. Theoretical critical-current curves vs. 
(c) Hp and (d) Hj^ as calculated from Eq. (5) using 
the same vortex configurations as shown in the 
inset 
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II. PERPENDICULAR UPPER CRITICAL FIELD OF 
SUPERCONDUCTING-NORMAL MULTILAYERS 
A. Introduction 
Multilayered superconductors range from intercalated 
compounds to artificially layered structures. They commonly 
consist of alternating superconducting layers separated by a 
variety of different materials, e.g., insulators, normal 
metals, or other superconductors. In this paper, we focus 
on the perpendicular upper critical field H^^(T) of 
superconducting—normal-metal (SN) multilayers. 
First attempts to calculate the upper critical field 
treated layered compounds as a stack of two-dimensional 
superconductors coupled via the Josephson effect»^"* This 
model disregards any variation of the order parameter in the 
direction perpendicular to the lawyers. This is a reasonable 
assumption as long as the coherence length is much larger 
than the layer thickness. However, as the layer thickness 
increases with respect to the coherence length, spatial 
variation of the order parameter is no longer negligible. 
Since this is generally the case for all but the thinnest SN 
multilayers, proximity effects must be taken into account. 
Several authors have used proximity-effect coupling to 
calculate the upper critical field. Dobrosavljevic' started 
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with the anisotropic Ginzburg-Landau (GL) equations and 
treated multilayered systems as single, composite 
superconductors. Nabutovskii and Shapiro (see Ref. 6 and 
references therein) developed a microscopic proximity-effect 
theory for various types of inhomogeneous superconductors, 
including multilayers. A similar approach was used by Menon 
and Arnold' for dirty bimetallic superlattices. In both 
Refs. 6 and 7, the individual layers were assumed to differ 
only in their respective electron-phonon coupling constants. 
A more realistic approach to this problem has been 
suggested by Ruggiero, Barbee, and Beasley,® who also 
accounted for differences in diffusivities and densities of 
states at the Fermi levels of the S and N layers. These 
authors started with de Gennes and Guyon's® and 
Werthamer's^° equation for the critical temperature of a SN 
bilayer and used pair-breaking arguments to infer the 
correct form of the equation determining H^^(T). However, 
they restricted themselves to the GL domain and did not 
carry out a comparison of the theoretical result with 
experimental data. 
We present a theory for the perpendicular upper critical 
field based on Eilenberger's quasi-classical description of 
superconductivity.^^ This formalism is useful for dealing 
with inhomogeneous superconductors in magnetic fields. No 
restrictions are placed on either the temperature or the 
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mean free paths. Although we deal mainly with the dirty 
limit, our method can be generalized to arbitrary mean free 
paths by using the proper coherence lengths.In the 
dirty limit, our result agrees with that given in Ref. 8. 
Our approach to this problem differs from previous work 
in a number of ways. We perform a detailed comparison 
between theory and experiment, which allows us to extract 
information concerning the mean free paths and the SN 
interfaces. We demonstrate that positive curvature can 
exist in theoretical curves under certain conditions. 
This is an effect that has been observed in a number of 
experiments.^'^* Finally, we include recent results 
concerning field-dependent corrections to the pair 
penetration depth in the N layers. 
This paper is organized in the following manner: In 
Section B, we derive an equation for the perpendicular upper 
critical field, and in Section C, we compare the theory with 
experimental data for Nb/Cu multilayers. Section D 
addresses the topic of positive curvature, while Section E 
deals with corrections to the dirty-limit equations 
discussed in Section B. In Section F, we discuss the 
results and implications of this work. 
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B. Theory 
The Eilenberger^^ equations describe a BCS supercon­
ductor at any temperature in an arbitrary magnetic field. 
Although less cumbersome than the traditional Gor'kov 
formalism, these equations are still complicated by the 
angular dependence of the Fermi velocity. However, 
Eilenberger's equations reduce to a simpler set in the dirty 
limit^^; 
- B f.^GÎÎF - FVG) = ^  G - wF , (1) 
G^ + |F|2 = 1 ( 2 )  
and 
AAn—- = 2irT Z 
T w 
(-&- f) (3) 
Here, D= v&/3 is the diffusion coefficient with v being the 
Fermi velocity and & the mean free path. The temperature T 
has units of energy, hw = %T(2n + 1) with n = 0,1,2,..., and 
if = ^ + 2wl3v$Q is the gauge-invariant gradient with vector 
potential ^  and flux quantum The pair potential A(r) 
depends only upon position r as required for a 
superconductor with weak coupling. The functions 
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F(r,w) and G(r,w) are Gor'kov's Green's functions integrated 
over energy and averaged over the Fermi surface. They 
describe the condensate of pairs and the normal excitations, 
respectively. Maxwell's equations along with an expression 
for the current density'"^ complete this set, but are not 
used in this paper. 
In the normal state, F = 0 and G = 1, so that near the 
second order phase transition at H^^(T), |F|<<1 and |G| = 1 
in the approximation linear in F. Equation (1) can now be 
linearized to 
I n^F = 1 - wF . (4) 
This must be solved in conjunction with the self-consistency 
condition (3). Since both F(r,w) and A(r) vanish at H^gCT), 
we seek a solution to Eqs. (3) and (4) of the form F(r,w) = 
ù(r)/Chw + %Ty(t)]. The function y(t) depends only upon the 
reduced temperature t = T/T^. Here, T^ represents the bulk 
critical temperature of either metal, i.e., T^g or T^^ (the 
subscripts s and n refer to the S and N layers respectively 
and N denotes the metal with the lowest critical 
temperature). With this ansatz Eq. <4) reduces to 
n^F = -k^F (5) 
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with 
Jc^ = 2iTTy(t)/tD . (6) 
Equation (3), which defines y(t), becomes 
<» , 1 1 . 
&nt = -2 Z (7) 
n=0 ^2n+l 2n+l+y' 
or 
Ant = t|>(1/2) - i|)(l/2 + y/2) , (8) 
where i|)(x) is the digamma function.^® The sign of y(t) 
depends upon whether t<l or t>l. For S, t^ = T/T^g<l and 
Eq. (7) implies that y(tg)>0. The "normal metal" component 
of the proximity system can itself be a superconductor with 
a finite critical temperature T^^, such that 0 < < T^^. 
Thus, y(tj^) < 0 for t^ = T/T^n > If but yXt^) > 0 for 
T < T^n' If Tj,yj = 0, as is the case for Cu, then ytt^^ «») = 
-1 .  
Equations (5), (6), and (8) are used to solve for F in 
both the S and N layers. However, caution should be 
exercised when applying this dirty limit theory to a normal 
metal. The dirty limit for the S metal corresponds to a 
large impurity parameter 
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hv S (0) 
X = — - —— >> 1 (9) 
where Çg<0) is the BCS coherence length at T = 0. This 
criterion is not applicable to a normal metal with = 0. 
Instead, as shown in Ref. 13, the relevant condition for the 
dirty limit in N layers is 
X = — >> 1 . (10) 
^ 2irTJl^ 
Observe that the parameter x^ is inversely proportional to 
temperature. As a consequence, normal metals such as Cu 
considered "clean" at some T become "dirty" at low enough 
temperatures. 
A more general approach is required if conditions (9) 
and (10) are not satisfied. This situation is discussed in 
Ref. 13, where it is shown that Eq. (5) is still valid, but 
the corresponding expression for k differs significantly 
from Eq. (6). The most interesting result of this analysis 
is the field dependence of k, which vanishes in the dirty 
limit or in the GL domain. However, since bimetallic 
multilayers often have relatively short mean free paths due 
to small layer thicknesses, the field-dependent corrections 
to k are usually small. 
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Now consider an infinite stack of alternating S and N 
layers, which are parallel to the x-y plane with a period of 
d + d , where d„ „ are the thicknesses of the S and N S  n  s  f  n  
layers. The coordinate system is chosen so that z = 0 
defines the SN interface of the elementary cell 
-d^ ± z 1 dg» For a uniform magnetic field, S = Hz we use 
the gauge A% = = 0 and Ay = Hx; the gauge-invariant 
gradient becomes ÏÎ = €a/3x,3/3y + 2niHx/$Q,a/8z}. This 
expression for 5 implies that we can separate variables in 
Eq. (5) by writing F(x,y,z) = f(x,y)g(z): 
- ïï2]fg(x,y) = (k^- q2)fg(x,y) (11a) 
9g(z) = -qg 9g(z) (lib) 
for the S layers and 
- fn?,+ n21f_(x,y) = f-k^+ q3)f„(x,y) (12a) 
g^tz) = q^ g^(z) (12b) 
for the N layers. Here q^ ^  are separation constants and 
k_ are defined as 
s ,n 
= 2irTy(tg)/%Dg (13) 
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and 
= -2irTy(t^)/îiD^ . (14) 
Equations (11) and (12) are subject to certain boundary 
conditions^® at SN interfaces. For a sharp boundary at 
2 = 0, 
Fg(x,y,0) = F^(x,y,0) (15) 
and 
Il2Fg(x,y,0) = nUgF^tx^yrO) . (16) 
The parameter n characterizes the interfaces. For specular 
scattering in the dirty limit, n is the ratio of 
conductivities, i.e., n = Equations (14) and (15) 
are satisfied if 
gg(0) = g^(0) (17) 
and 
gg(0) = Tig^(O) , (18) 
whereas fg(x,y) and f^(x,y) must be identical. Hence, the 
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eigenvalues of Eqs. (11a) and (12a) are also identical: 
kg - = -k^ + q^. Note that Eqs. (11a) and (12a) are 
equivalent to Schrodinger's equation for a charged particle 
in a uniform magnetic field. The lowest eigenvalue, 
2%H/$Qf gives the largest field (H^g) for which a finite 
solution exists in the whole x-y plane. Setting H = we 
obtain 
and 
Note that > 0 when aàere 
the bulk upper critical field of the S material. 
Equations (11a) and (12a) yield a system of Abrikosov 
vortices which are modulated in the z direction by g^ and 
g^. From Eqs. (lib) and (12b) we obtain 
g (z) = C: cos Cq„ ( 2  - d. /2)] (21) 
s s s s 
and 
g^(z) = C^cosh [q^(z + d^/2)] (22) 
where and are arbitrary constants. By writing the 
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solutions in this form we automatically account for 
multilayer symmetry (symmetry planes at z = dg/2 and z = 
-d^/2). Also note that Eq. (22) implies that q~^ is the 
characteristic pair penetration depth in the N layers. 
Boundary conditions (17) and (18) now yield two homogeneous 
equations for and C^. After setting the determinant 
equal to zero we obtain the following equation for H^j,(T)®; 
qgtan(qgdg/2) = •nq^tanh(qj^dj^/2) . (23) 
When combined with Eqs. (8), (13), (14), (19), and (20), 
this equation completely determines H^^(T). In general, 
Eq.(23) must be solved numerically. 
At the multilayer critical temperature = 0 and 
n " ^ s n" Equation (23) reduces to Werthamer'3^° and de 
Gennes'® result for the critical temperature of a dirty SN 
proximity system. In fact, the equations explored in Ref. 
(10) are the same as Eq. (5). Although Werthamer's function 
Fpq(r) differs from our F(r,w), they are closely related; 
Fjj(r) = 2irTN(0)Z F(r,w) , (24) 
w 
with N(0) being the density of states at the Fermi level. 
Both approaches yield the same critical temperature if 
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de Gennea' boundary conditions (Réf. 9), which require 
continuity of F^/N(0) and at SN interfaces, are replaced 
in our case by continuity of F and DN(0)F'. Thus, the 
theory presented here for is equivalent to the de 
Gennes-Werthamer theory generalized to include the presence 
of a magnetic field. 
In the limit d_-> « or d_-» 0, Eq. (23) gives H__ = H_, 9  r i  C Z C Z # 9  
as expected. A more interesting case is when both k^d^ << 1 
and k^d^ <<1. In this limit, Eq. (23) reduces to 
H = (l - n ] . (25) 
1 4. nd„/d3 ^ J 
Note that k^ = 0 at T = so that, if = 0, 
"c2 s(0) 
H ,(0) = . (26) 
1 + nd^/d. 
An expression for the slope dH^^/dT evaluated at T = is 
given in the Appendix. 
C. Comparison with Experiment 
In order to test the theory presented in Section B, we 
use HggtT) data for Nb/Cu multilayers obtained by Banerjee''® 
and Banerjee and Schuller.^° These multilayers were 
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prepared using a sequential deposition technique which 
produces layers of equal thickness, i.e., d^ = d^. In 
addition, the Nb/Cu system exhibits epitaxial registry 
between adjacent layers with little interlayer diffusion. 
In what follows, we describe our method for fitting 
to these data and discuss the results. 
1. Fitting parameters and numerical procedure 
Calculating from Eq. (23) requires that we 
specify the quantities T^g, d^ Vs,n' *s,n' 
These parameters control the overall shape and magnitude of 
the theoretical curves. First consider the critical 
temperatures and which enter Eq. (23) through Eq. 
2 (8). For Cu we assume T _ = 0, which implies that k = 
cn n 
2irT/%D^. The appropriate value for T^^ depends upon the S 
layer thickness. Banerjee et al.^^ observed an unusually 
large suppression in T^g^ with decreasing layer thickness. 
This effect is attributed to a decrease in T^^ as the layer 
thickness is reduced. The mechanisms or material properties 
responsible for this behavior are still not well-
understood.^^ Instead of using a single bulk value for the 
intrinsic T^g, we thus use thickness-dependent values as 
determined by Banerjee et al.^^ 
The diffusion coefficients Dg ^ = (vA/3)g ^ influence 
Hc^tT) through kg and k^. For the respective Fermi 
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q 
velocities, we use the free electron value v^ = 1.57 x 10 
cm/sec (Ref. 23) for Cu and a measured root-mean-square 
value of Vg = 2.73 x 10^ cm/sec (Ref. 24) for Nb. 
Longitudinal resistivity measurements indicate that the mean 
free paths are generally layer-thickness limited due to size 
e f f e c t s . I n  R e f .  2 1 ,  a  m o d e l  w a s  a d o p t e d  w h e r e  
A - d_ _ for thicknesses less than the bulk mean free 
s,n s,n 
paths. For thicker layers, it was assumed that boundary 
scattering is less important and that the mean free paths 
approach their bulk values. Unfortunately, this simple 
model yields poor agreement between our theory and 
experiment. For the cases we examined, the cusves 
calculated using the and estimated as in Ref. 21 fell 
far below the experimental data. Realistic curves are 
obtained only when the mean free paths, particularly are 
significantly smaller than d^^^ or the bulk mean free paths 
estimated in Ref. 21. This uncertainty in the mean free 
paths suggests that for our purposes it is worthwhile to 
extract and from H^^(T) data using Eq. (23). 
Now consider the interfacial boundary condition 
parameter n defined by Eq. (18). As mentioned in Section B, 
Ti = for specular scattering, but actual interfaces are 
never perfectly sharp. To account for imperfect SN 
boundaries we first observe that a^/a^ « Based on 
this, it is reasonable to assume that r| is also proportional 
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to 
n = , (27) 
where we have Introduced the dimensionless parameter a. For 
purposes of comparison, note that = N^(0)Vj^/Ng(0)Vg for 
perfectly specular scattering. As with the mean free paths, 
a is determined by fitting to experimental data. 
The fitting procedure involves minimizing 
X^(*s'An'*) = (28) 
with respect to and a. The quantity SHç.^(T^) is the 
difference between the measured and calculated values of 
H^^(T) at temperature T^, and n is the number of data 
points; i.e., = H®*P(T^) - The 
2 
minimization of x is achieved by using a standard simplex 
algorithm."® This method involves no derivatives and 
converges even with poor initial guesses. The values of Ag, 
and « for which is an absolute minimum are then used 
to calculate H^^(T). 
2. Results 
We now examine two representative Nb/Cu multilayers with 
d = dg = d^ = 420.5 A and d = 171.5 A. Hereafter, they are 
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referred to as Ml and M2, respectively. In fitting 
to data for Ml, we used = 8.91 The resulting 
parameters are listed in the first three columns of Table I. 
In Fig. la, both the theoretical curve and the experimental 
data are plotted as a function of the reduced temperature 
tg = T/T^g. The fit is good and spans the entire 
temperature range. Upon close inspection, we observe slight 
positive curvature near T^^^ in both the experimental and 
theoretical curves. This is demonstrated in Fig. lb, where 
we plot the second derivative of the theoretical curve shown 
in Fig. la. The subject of positive curvature is discussed 
in detail in Section D. The fit to data for M2 was 
performed using T^g — 8.4 K (Ref. 21), and the parameters 
are given in Table I. The resulting theoretical curve and 
the experimental data are shown in Fig. 2. The fit to the 
data is also good, but in this case the theoretical curve 
does not show any appreciable positive curvature. 
The mean free paths obtained from these fits are all 
significantly smaller than the layer thicknesses 420.5 A and 
171.5 A (see Table I). The values of 113 A and 96 A for 
appear to be consistent with each other. For Ag we found 24 
A and 14 A, which are considerably smaller than both and 
d. In fact, Banerjee et al.^^ estimate that the intrinsic 
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TABLE I. Fitting parameters for Nb/Cu multilayers for 
experimental results of Ref. 16 
Field-Independent Field-Dependent 
d H, A, a A A oc 
n s n s 
(A) (A) (A) (A) (A) 
Ml 420.5 113 24 0.68 104 26 0.64 
M2 171.5 96 14 0.76 84 21 0.69 
mean free path for Nb is approximately 160 A. These results 
are not unique to Ml and M2; similar results were obtained 
for all the Nb/Cu multilayers we examined. 
In order to interpret our values for oi, we compare them 
with = N^(0)v^/Ng(0)Vg. This quantity is easily 
estimated by assuming that the densities of states are 
directly proportional to the normal state electronic 
specific heat coefficients Using = 0.693 mJ/mole-9 f n n 
2 2 K and = 7.66 mJ/mole-K (Ref. 27) we obtain ot^ = 0.76 as 
compared to 0.68 and 0.76 needed to fit the theory to the 
data. Thus, these values are in good agreement with what 
one would expect for specular interfacial scattering. 
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D. Positive Curvature 
Positive curvature (PC) in is a feature common to 
multilayered superconductors.À variety of 
explanations for the presence of PC have been proposed, but 
most are difficult to confirm or to deal with 
quantitatively. Two proposed sources of PC are 
compositional inhomogeneities and Fermi surface anisotropy. 
A detailed discussion of these and other possible effects is 
given by Haywood and Ast.^* Recall that in the derivation 
of Eq. (23) no provisions were made for anisotropy or any 
other effects commonly thought to produce PC in 
Even so, we observe PC in oUr theoretical curves; e.g., see 
Fig. lb. This indicates that the presence or absence of PC 
is determined by the complex interplay among the parameters 
dg ^ and kg In Fig. lb, we see that the second 
derivative is a maximum at T___. Therefore, it is 
csn 
convenient to characterize the amount of curvature via the 
value of the second derivative H^^/T) = d^H^^/dT^ at the 
critical temperature T^^^. Using Eq. (23) to obtain 
HL.(T_._), we can examine its behavior as different 
cz csn 
parameters are varied. 
The layer thicknesses d„ and d^ are crucial in 
•' s n 
determining the degree of PC exhibited by The 
following calculations were performed using = 100 A, 
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Ag = 20 A, and a = 0.7, which are representative of the 
Nb/Cu multilayers discussed in Section C. In Fig. 3, we 
show H^2^^csn^ as a function of d^ for a series of different 
thicknesses d_. For each value of d_, increases S S C Z C SIL 
steadily with d^, reaching a maximum before gradually 
leveling off. For d^ > 3000 A, H^^^^csn^ saturates and 
becomes independent of d^. Saturation is expected in a 
proximity system when d^ is considerably larger than the 
pair penetration depth in N. If instead d^ -* 0, the 
system behaves as a bulk superconductor and exhibits no PC. 
Thus, all the curves shown in Fig. 3 approach the same 
negative value as d^ 0, although this is not shown in Fig. 
3. The overall trend is clear; decoupling the 
superconducting layers by increasing their separation d^ 
enhances the PC. This observation is in qualitative 
agreement with experimental results.®'^® In Fig. 4, we plot 
^cz^^csn^ as a function of d^ for several different 
thicknesses d^. Although the curves in Fig. 4 increase with 
dg and reach a maximum, as in Fig. 3, they do not saturate 
at positive values. Instead, as d^ -» each curve descends 
and eventually saturates at the same negative value. This 
is equivalent to letting d^ -* 0 for finite dg. Additional 
H 
calculations show that is also very sensitive to 
the mean free paths and For instance, decreasing 
with constant produces a sharp increase in the PC. If 
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we fix Ag and increase the PC increases gradually. This 
enhancement is the greatest when << However, for any 
thicknesses dg n' ^n be reduced or increased in such 
a manner as to completely eliminate any PC. 
These results indicate that PC in H^^(T) is an inherent 
trait of Eq. (23). Consequently, a proximity-effect theory 
for SN multilayers is capable of producing PC consistent 
with experimental results, even in the absence of 
compositional inhomogeneities or Fermi surface anisotropy. 
E. Effects of Field-Dependent ^ 
We now consider how H^^CT) is affected by the field 
dependent corrections to k^ and k^ mentioned in Section B. 
If conditions (9) and (10) are not satisfied, then Eqs. (8), 
(13), and (14) are no longer appropriate. This is the 
subject of Ref. 13, where corrections to the dirty-limit 
formulas are obtained. Although Eq. (5) was shown to still 
be valid, both k^ and k^ are generally no longer field 
independent. 
The relative importance of these corrections differs 
considerably for the S and N components. The maximum 
correction to k^ occurs for T = 0 in the clean limit and 
cannot exceed roughly 30%.In addition, Xg >> 1 for the 
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multilayers discussed in Section C. As a result, the 
corrections to are negligible and Eq. (13) suffices. 
However, this is not the case for k^. For simplicity, we 
restrict this discussion to the case = 0. Even though 
might be large (the average value for Ml and M2 at 
T = T _ is - 25), another effect arises due to the field 
csn n 
dependence given by^^ 
k^(H) = kn Pn " H^/H^) . (29) 
Here, k^ is given by Eq. (14), = 1 + l/X^ 
«0 ' ai (t)' 
Equations (29) and (30) are valid only if (2irJl^H^2/<t»jj)^ << 1 
and (&_k_)* << 1. Note that H„ is the field at which 
A A  V  
2 2 k^ = 0. Thus a unique feature of Eq. (29) is that k^ can 
2 2 
change sign, i.e., k^ > 0 for H^^ < and k^ < 0 for 
^cz ) Hg. A representative plot of H^d) is shown in Fig. 
5a along with H^^(T) as calculated using k^(0), i.e., 
setting H = 0 in Eq. (29). For any finite Hgg(T) will 
2 
always cross HQ(T), thereby forcing k^ to change sign. 
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2 Using Eq. (29), we may express the parameter as 
. (!!^) - I 
2 
The magnetic field reduces q^ with respect to the field 
independent Eq. (20) and, therefore, increases the 
penetration depth q^ in the N layers. This implies that 
the solution H^^fT) of Eq. (23) will show an overall 
increase if lCjj(H) is used instead of k^(0). This 
enhancement is most pronounced at T = 0 since the field is a 
maximum. This is demonstrated in Fig. 5a where 
representative H^^(T) curves are shown for both cases. The 
corresponding second derivative is shown in Fig. 5b. Note 
that the field-dependent corrections to enhance the 
positive curvature at T^g^» The form of Eq. (31) indicates 
that these field-dependent effects increase with increasing 
However, Eqs. (29) and (31) are valid, not for 
arbitrarily large but only for obeying 
(2irjl^Hc2/<t>oi^ << 1 and (t^k^)* << 1. 
Using Eq. (31) instead of Eq. (20), we fit to 
experimental data in the manner described in Section C. The 
resulting best-fit parameters for Ml and M2 are given in the 
last three columns of Table I. Observe that the values 0.64 
and 0.69 for ot are consistent with the previous results. 
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F. Discussion 
In the preceding sections, we have presented a theory 
for of SN multilayers based on the proximity effect. 
This approach yields good agreement between theory and 
experiment, including the subtle details of positive 
curvature in However, the mean free paths obtained 
by fitting to the Nb/Cu data are considerably smaller 
than the layer thicknesses and the mean free paths estimated 
in Ref. 21 (see Table I). This is particularly true for 
which ranges from 14 A to 26 A. 
It is worth noting here that the inequality 
^ ^C2 s' holds when T^^ = 0, imposes an upper 
limit on For example, a typical value of ~ 
at T = 0 yields 
$oTcs 
< 0.84 = 40 A . (32) 
Thus, even this upper limit is much smaller than d^ and the 
estimate of 160 A given in Ref. 21. 
One possible explanation for these results is our 
underlying assumption of isotropic mean free paths. In a 
multilayered structure, the longitudinal and transverse 
resistivities can vary significantly, thereby bringing into 
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question our use of bulk-like isotropic mean free paths. 
Transverse resistivity measurements, if possible, would 
provide valuable information concerning this matter. 
Additional effects arise due to the field dependence of 
k^ given by Eq. (29). As discussed in Section E, this can 
produce a substantial overall increase in ; e.g., see 
Fig. 5. Judging from the parameters given in Table I, this 
effect works to increase the fitted values of while 
s 
decreasing with respect to their dirty-limit 
counterparts. However, the overall change in and is 
relatively minor. 
We conclude by noting that the formalism presented in 
this paper also can be used to calculate the parallel upper 
critical field for a SN multilayer. The approach is 
essentially the same, although the structure of the 
superconducting state is quite different from the two-
dimensional array of modulated vortices discussed in this 
paper.Work along these lines is presently in progress. 
G. Appendix 
The slope dH^^/dT is obtained by differentiating Eq. 
(23) with respect to T. After setting T = T^g^' have 
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dk 
dH 
[ _n —H -
\ k-
( s " ) .  = -2 H 
kndT 
Is ^  
kg dT 
C2 ,S 
csn ^5 + 
(Al) 
with 
k_d 
Ts = 1 + sinlk^d,) ' (A2) 
Tn = 1 + sinh(k^d^) 
and 
dT 
Here, k^ ^  are given by Eqs. (13) and (14). The digamma 
function v and y(tg ^) are related by Eq. (8). If 
kg ^dg ^ <( 1, then Vg ^ 2 and Eq. (Al) becomes 
f _L ^  . J_î!â ] 
( — ) ' -2 H,, , . <A5, 
1 ^  
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Fig.la. Upper critical field H vs. T/T for Ml. The 02 CS 
points are experimental data and the solid curve 
was calculated from Eq. (23) using the field-
independent parameters listed in Table I 
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Fig. lb. Second derivative d^H^^/dT^ of the theoretical 
curve shown in Fig. la 
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Fig. 2. Upper critical field vs. T/T^g for M2 
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Fig. 3. Second derivative d^H^^/dT^ at as a function 
of d^ for different values of d^ 
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Fig. 4. Second derivative d^H^^/dT^ at as a function 
of d„ for different values of d 
s n 
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Fig. 5a. Upper critical field vs. T/T „ calculated from C2 CS 
Eq. (23) using Eq. C3T) with = 400 A, 
= 100 A, = 20 A, and a = 0.7; the dashed 
curve is H^(T). The lower solid curve corresponds 
to setting H = 0 in Eq. (29) 
93 
Fig. 5b. Second derivative d^H^^/dT^ of the curves shown in 
Fig. 5a 
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SUMMARY 
Two separate topics concerning the study of 
superconducting proximity systems in magnetic fields have 
been presented in this thesis. In both cases, a theory was 
developed and then compared with experimental data. In 
Section I, model calculations were performed to determine 
the response of an SNS junction to a perpendicular magnetic 
field. The critical current was calculated as a function of 
applied field and vortex misalignment. Good agreement 
exists between this theory and experimental data. In 
Section II, an expression was derived for the perpendicular 
upper critical field of an SN multilayer based on the 
proximity effect. A detailed comparison between theory and 
experiment was performed using the mean free paths as 
fitting parameters. This procedure yields good quantitative 
agreement with experimental data, including the presence of 
positive curvature in near the multilayer critical 
temperature. 
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